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The wsrk d iscussed  i n  t h i s  r e p o r t  represents p o r t i o n s  of 

two t h e o r e t i c a l  s t u d i e s  which are be ing  performed i n  c o n c e r t ,  

The approaches c o n s i s t  of t h e  adap ta t ion  of both c l a s s i c a l  l i gh t -  

s c a t t e r i n g  t h e o r y  and a random walk technique t o  the problem of 

m u l t i p l e  i n t e r a c t i o n .  It i s  planned t o  a s s i m i l a t e  bo th  s t u d i e s  

i n t o  an encompasing t h e o r e t i c a l  a n a l y s i s  of mul ip l e - sca t t e r ing  

phenomena. For example, using c l a s s i c a l  t h e o r y ,  it i s  shown 

t h a t  a f i l m  con ta in ing  - 7 x 1 0  8 par t ic les /cm2 of 1-p diameter 

and i n f i n i t e  r e f r a c t i v e  index ( t o t a l l y  r e f l e c t i n g )  w i l l  back- 

s c a t t e r  a l l  r a d i a t i o n  below 12.5 p and w i l l  be h i g h l y  t r a n s p a r e n t  

t o  wavelengths of 2 1  p or  longer ,  

A r equ i r ed  step i n  the random-walk t e c h n i q u e s ' i s  the c a l -  -_ 
c u l a t i o n  of the average i n t e r p a r t i c l e  d i s t a n c e  i n  monosized par-  

t i c l e  c louds -  I t  i s  shown t h a t  the average i n t e r p a r t i c l e  d i s -  

t a n c e  i n  symmetrical a r r a y s  i s  a func t ion  of the volume concen- 

t r a t i o n  on ly_  A l s o  ca l cua l t ed  was t h e  s o l i d  ang le s  subtended i n  

- 

m u l t i p l e  p a r t i c l e  systems. F i n a l l y ,  the p r o b a b i l i t y  d i s t r i b u t i o n  

of i n t e r p a r t i c l e  d i s t a n c e s  wi th in  a d i l u t e  cloud of par t ic les  i s  

determined and appl ied  t o  a r a i n  cloud a s  an example of a r e a l  

d i l u t e  system, 
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INVESTIGATION O F  LIGHT SCATTERING I N  
HIGHLY REFLECTING PIGMENTED COATINGS 

I 2 L T ~ Q ~ Q S T L O 2  
As h a s  been noted p rev ious ly ,  t h e  p r i n c i p a l  o b j e c t i v e  of 

t h i s  program i s  t h e  a p p l i c a t i o n  of l i g h t - s c a t t e r i n g  theo ry  t o  

p a r t i c l e  a r r a y s  i n  an attempt t o  e x p l a i n  t h e  s c a t t e r i n g  behavior 

of po iydisperse  pigmented c o a t i n g s ,  e s p e c i a l l y  h i g h l y  r e f l e c t i n g  

pigmented coa t ings .  I n  t h i s  r e s p e c t ,  t h e  program i s  aimed a t  

a d e f i n i t i o n  of t h e  l i g h t - s c a t t e r i n g  parameters  a s s o c i a t e d  

wi th  t h e  maximum r e f l e c t i o n  of s o l a r  r a d i a t i o n ,  

Work t h u s  f a r  has  involved (1) a review of t h e  app l i cab le  

L i g h t - s c a t t e r i n g  theo ry  with s p z c i a l  emphasis on t h a t  p o r t i o n  

ho ld ing  t h e  most promise f o r  a p p l i c a t i o n  t o  mul t ip l e  s c a t t e r i n g  

phenomena, ( 2 )  the conception of t h e o r e t i c a l  approaches and 

techniques  wi th  which t o  t r e a t  the problem of mul t ip l e  s c a t -  

t e r i n g ,  and ( 3 )  t h e  generat ion of experimental  d a t a  concern- 

ing t h e  o p t i c a l  p r o p e r t i e s  of c a r e f u l l y  prepared a r r a y s  of 

s i l v e r  h a l i d e  p a r t i c l e s  d i spersed  i n  a mat r ix .  

The s t u d i e s  d iscussed  i n  t h e  fo l lowing  s e c t i o n s  a r e  con- 

cerned wi th  t h e  two t h e o r e t i c a l  approaches o u t l i n e d  above. I n  

t h i s  r e s p e c t  t h e y  r e p r e s e n t  con t inu ing  e f f o r t s  on (1) t h e  

adap ta t  ion of c l a s s i c a l  l i g h t - s c a t t e r i n g  t h e o r y  t o  t h e  m u l t i p l e  

i n t e r a c t i o n  problem,and ( 2 )  t h e  adap ta t ion  of "random walk" 

t echn iques  t o  e l u c i d a t i o n  of m u l t i p l e  s c a t t e r i n g .  The two 

approaches a r e  preceeding i n  concer t  and, a s  work p rogres ses ,  

I I T  R E S E A R C H  I N S T I T U T E  
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e f f o r t s  w i l l  be made t o  a s s i m i l a t e  them i n t o  an encompasing 

t h e o r e t i c a l  a n a l y s i s  of mu l t ip l e  s c a t t e r i n g  phenomena. 

- I1 - I - APPLICATION _---__ O F  CLASSICAL THEORY TO MULTIPLE SCATTERING 

A ,  - -_ - , - - ~  General Considerat ion 

In prev ious  r e p o r t s  we  have examined t h e  e lec t romagnet ic  

t heo ry  of l i g h t  s c a t t e r i n g  when app l i ed  t o  s i n g l e  p a r t i c l e s .  

W e  have a l s o  attempted t o  consider  t h e  a p p l i c a t i o n  of t h e  t h e o r y  

t o  m u i t i p l e  a r r a y s  of p a r t i c l e s .  I n  t h e  present  d i s c u s s i o n ,  we 

shail cons ider  t h e  formation of a t h e o r e t i c a l  f i l m  c o n s i s t i n g  

of a t r a n s p a r e n t  ma t r ix  i n  which t h e  l i g h t  s c a t t e r i n g  p a r t i c l e s  

a r e  embedded Since  t h e  system i s  t h e o r e t i c a l  it i s  p o s s i b l e  

t o  v i s u a l i z e  such convenient f a c t o r s  a s  f u l l y  monodisperse 

p a r t i c l e  assembl ies ,  complete freedom of choice of r e f r a c t i v e  

index,  e t c  The a n a l y s i s  i s  handicapped by t h e  l i m i t e d  

a v a i l a b i l i t y  of numerical  da t a .  To ta l  and r a d i c a l  s c a t t e r i n g  

d a t a  a r e  a v a i l a b l e  f o r  t r anspa ren t  s p e h e r i c a l  p a r t i c l e s  over 

a wide range of cond i t ions .  On t h e  o ther  hand, t h e  information 

f o r  f u l l y  r e f l e c t i n g  p a r t i c l e s  wi th  i n f i n i t e  r e f r a c t i v e  index 

is fragmentary and only a few c a s e s  involv ing  complex r e f r a c -  

t i v e  i n d i c e s  have been computed. P r a c t i c a l l y  no d a t a  e x i s t  

f o r  non-spher ica l  p a r t i c l e s  a l though a number of t h e s e  appear 

t o  have some value i n  t h e  present  con tex t .  

I n  formula t ing  t h i s  model, one should note  t h a t  t h e  M i e  

t h e o r y  of l i g h t  s c a t t e r i n g  was developed f o r  t h e  case  of a 

p a r a l l e l  l i g h t  beam impinging on an i s o l a t e d  p a r t i c l e .  I t  

I I T  R E S E A R C H  I N S T I T U T E  
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h a s  o f t e n  been s t a t e d  t h a t  t he  argument i s  a p p l i c a b l e  t o  

p a r t i c l e  c louds  where t h e  sepa ra t ion  d i s t a n c e  i s  "largell and 

it h a s  a l s o  been noted t h a t  t he  viewing o p t i c s  must be l o c a t e d  

a t  ' I i n f i n i t y "  The second condi t ion  i s  r e a l i z e d  adequate ly  

when t h e  viewing d i s t a n c e  i s  a f e w  t e n s  of wavelength equiva- 

Lents  s epa ra t ed  from t h e  s c a t t e r e r .  The f i r s t ,  t h e  s e p a r a t i o n  

d i s t a n c e ,  is a problem of some magnitude i n  t h e  p re sen t  contex t  

where w e  a r e  a t tempt ing  t o  r ep lace  a d i f f u s e  cloud wi th  a c lose -  

packed a r r a y ,  This r e s e r v a t i o n  emphasizes t h e  n e c e s s i t y  of care-  

f u i  s c r u t i n y  of t h e  fol lowing o p e r a t i o n s ?  e s p e c i a l l y  t h o s e  in-  

vo lv ing  t h e  a p p l i c a t i o n  of M i e  t h e o r y  t o  c l o s e l y  spaced a r r a y s .  

Some general  r e l a t i o n s  of use he re  a r e  noted: 

E x t i . n c t i o n j e r  - I - - - - - - -. ._-I Sinqle  P a r t i c l e :  I f  Io i s  t h e  i n t e n s i t y  of 

t h e  inc iden t  l i g h t ,  i n  w a t t s  per u n i t  a r e a ,  t hen  a sphere w i l l  

i n t e r c e p t  K r r  Io w a t t s  from t h e  i n c i d e n t  beam, where K ,  a s  

b e f o r e ,  i s  t h e  s c a t t e r i n g  or s c a t t e r i n g  p l u s  absorbing c ross -  

2 

s e c t i o n  of t h e  p a r t i c l e  and r i s  t h e  r a d i u s  of t h e  p a r t i c l e ,  

Rs noted p r e v i o u s l y ,  K i s  a func t ion  of t h e  r e f r a c t i v e  index 

of t h e  p a r t i c l e  and of t h e  wavelength of t h e  l i g h t ,  

S c a t t e r i n q  -- .---_._ per  - Single  P a r t i c l e :  The s c a t t e r e d  i n t e n s i t y  

a t  a d i s t a n c e  R from t h e  p a r t i c l e  i n  d i r e c t i o n  8 i s  equa l  t o  

2 2  8 r r  R 

where ir and i2 a r e  t h e  po la r i zed  r a d i a l  components of the 

s c a t t e r e d  l i g h t  as u s u a l l y  t a b u l a t e d ,  

I I T  R E S E A R C H  I N S T I T U T E  
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I n  a medium con ta in ing  n p a r t i c l e s  per  u n i t  volume, t h e  

s c a t t e r  per  u n i t  volume is n I .  

The a t t e n u a t i o n  of t h e  inc iden t  beam a s  it passes  through 

a p a r t i c u l a t e  a r r a y  con ta in ing  n p a r t i c l e s  per u n i t  volume i s  

given by 
? 

where 1 i s  t h e  l e n g t h  of t h e  p a t h  through the p a r t i c l e  c loud ,  

E2 ~- - Theore t i ca l  _. ___ Films 

The f i r s t  system w i l l  c o n s i s t  of a suspension of s p h e r i c a l  

p a r t i c l e s  of r e f r a c t i v e  index, m = C o 7  i . e . ,  p e r f e c t l y  r e f l e c t -  

i n g  s u r f a c e s ,  I t  should be r e c a l l e d  (Report  N o .  IITRI-C6018-11) 

t h a t  p a r t i c l e s  f o r  which t h e  r a t i o  r/h i s  very  small  3~7s 

a very  low e f f e c t i v e  c ros s - sec t ion ,  A t  t h e  o ther  extreme,  l a r g e  

p a r t i c l e s  show t h e  u s a a l  preponderance of forward s c a t t e r i n g  

over bac.k s c a t t e r ,  BP1.meer has computed t h e  t o t a l  and r a d i a l  

s c a t t e r  f o r  a number of cases .  W e  s h a l l  examine t h e  e x t i n c t i o n  

c o n d i t i o n s  f o r  the case  were a i s  0 - 5 .  

1 

.GC ---___- = 0 , 5 :  The r a t i o  of t h e  back s c a t t e r e d  i n t e n s i t y  of a 

s i n g l e  p a r t i c l e  t o  t h e  forward s c a t t e r  i s  9 : l .  Thus e x t i n c t i o n  

of t h e  i n c i d e n t  beam i n  the forward d i r e c t i o n  i s  only s l i g h t l y  

compensated by forward s c a t t e r :  and we s h a l l  omit c o n s i d e r a t i o n  

of forward s c a t t e r .  

The va lues  f o r  a and K f o r  t o t a l l y  r e f l e c t i n g  spheres  a s  

c i t e d  by Blumer, a r e  shown i n  Table 1, 

I I T  R E S E A R C H  I N S T I T U T E  
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Table 1 

LIGHT SCATTERING PARAMETERS FOR TOTALLY REFLECTIN13 SYSTEMS 

& K 
0.4 0.086 
0.5 0.22 
0.6 0.47 
0.8 1.26 
1.0 2.04 
1 . 2  2 . 2 8  

Equation 2 w i l l  be used f o r  the case  of an a r r a y  of 1-p 

r a d i u s  spheres, Since a = 27r/he t hen  when a = 0.5,  h = 1 2 . 5 ~ ~  

R e  s t a t i n g  Equation 2 ,  

( 2 a )  
2 2,303 log Io/I = Knr N 

where N = n l ,  Replacing K and r w i t h  their  ind ica t ed  v a l u e s ,  

and a s s ign ing  Io/I a value of 100,  we can compute the number 

of p a r t i c l e s ,  N ,  per u n i t  a rea  r e q u i r e d  t o  a t t e n u a t e  the beam 

t o  1%; 
-4 2 2,303 l o g  100 = Oo218n(10 ) N.  

So lv ing  f o r  N we ob ta in  

8 2 N = 6.7 x 1 0  p a r t i c l e s  per c m  

I n  a volume of 1 ml, t h i s  would correspond t o  an uniform l a t t i c e  

of pa r t i c l e s  w i t h  center- to-center  d i s t a n c e s  of lop .  I f  we 

u se  a p a r t i c l e  spacing of 4p i n  the d i r e c t i o n  1, i . e . ,  2 d i a -  

meters a s  suggested by Berry2 a s  the l i m i t  f o r  the a p p l i c a t i o n  

of s c a t t e r i n g  theo ry  t o  c l o s e l y  spaced systems,  the f i l m s  would 

be 4-mm t h i c k ,  

Berry, J,O.S.A, 52 888 (1962). 2 
- 
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W e  m a y  c a r r y  t h e  c d i x l a t i o n  a s t a g e  f u r t h e r  by determining 

the a t t e n u a t i o n  of l i g h t  of other wavelengths by t h i s  f i lm .  

S u b s t i t u t i n g  the va lues  f o r  K corresponding t o  va r ious  wave- 

l e n g t h s  w h i l e  keeping r equal  t o  1 p ,  it i s  p o s s i b l e  t o  d e t e r -  

mine I / I ~ -  Some r e p r e s e n t a t i v e  va lues  a r e  shown i n  Table 2 .  

Table 2 

ATTENUATION O F  LIGHT BY A FILM OF 6 - 7  x l o 8  PARTICLES 
PER CM2 OF 1-MICRON RADIUS AND INFINITE REFRACTIVE INDEX 

a 
0 ,3  
0 - 4  
0.5 
0.6 
0 ,8  

& K 1/10 

21.0 0.028 0.48 
15.6 0.086 0.16 
12.5 0.22 0.01 
10.4 0.47 1 . 6  

7 .8  1.26 2 x 10-16 

I-_ 

8 Thus it i s  seen t h a t  a f i l m  con ta in ing  6,7 x 1 0  p a r t i c l e s  

.per spuare cent imeter  of 1-p diameter and i n f i n i t e  r e f r a c t i v e  

index  w i l l  back-sca t te r  a l l  r a d i a t i o n  below 12.5 p and w i l l  be 

h i g h l y  t r a n s p a r e n t  t o  wavelengths a t  2 1  1-1 and longer .  

A number of o the r  systems have been computed, u s ing  as  the 

r e f e r e n c e  p o i n t  the p a r t i c l e  concen t r a t ions  f o r  a = 0 - 3 ,  0.8 

and 1 - 0  a t  w h i c h  the t ransmiss ion  i s  1%. The r e s u l t s  a r e  shown 

i n  F igure  1. Thus, f o r  example, f o r  the case  where JL = 1, a 

f i l m  of 7 , 2  x 10  par t ic les  per  c m 2  of 1-p 7 r a d i u s  w i l l  back- 

sca t te r  99% of the 6.28 I+ wavelength r a d i a t i o n .  A l l  sho r t e r  

wavelengths w i l l  be back-scat tered and the f i l m  w i l l  be t r a n s -  

pa ren t  t o  longer  wavelengths. 
I I T  R E S E A R C H  I N S T I T U T E  
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Other systems w i l l  be discussed subsequent r e p o r t s  e 

_p*--.p 111. RANDOM-WALK TECHNIQUE FOR STUDYING MULTIPLE SCATTERING 

T h e  ensuing ana lyses  r ep resen t  the i n i t i a l  steps i n  the 

a p p l i c a t i o n  of "random-walkll techniques t o  the problem of 

m u l t i p l e  s c a t t e r i n g  i n  h i g h l y  pigmented systems a s  d iscussed  

i n  the l a s t  Q u a r t e r l y  Report (IITRI-C6018-12). The use fu lness  

and t h e  s i g n i f i c a n c e  of t h e  r e l a t i o n s h i p  developed w i l l  become 

apparent  i n  subsequent r e p o r t s .  

D E F I N I T I O N  O F  TERMS - 

E = Volume f r a c t i o n  of empty space i n  t h e  p a r t i c l e  
cloud 

- 
- Volume f r a c t i o n  of v e h i c l e  i n  co l l apsed  cloud 

i . e .  p a i n t  f i l m  

n = Number of p a r t i c l e s  i n  u n i t  volume of system 

V p  = Volume of p a r t i c l e  

a = 1 - E  is  volume f r a c t i o n  of p a r t i c l e s  i n  a c loud 

( n o t e  _p a = n )  
VP 

@ = i s  t h e  s o l i d  angle  t h a t  the second p a r t i c l e  sub- 
t ends  w i t h  respect t o  the c e n t e r  of the p r i m e  
s c a t t e r i n g  p a r t i c l e .  

0 = Extension f a c t o r  which i s  used t o  t a k e  i n t o  
account t h a t  a par t ic le  exerts an in f luence  
over a g rea t e r  area than  i t s  p h y s i c a l  pro- 
j e c t e d  a rea  

= Function de f in ing  the energy e n t e r i n g  a s o l i d  
angle  w h i c h  has as  i t s  a x i s  the l i n e  j o i n i n g  
t h e  cen t ro id  of t h e  a r e a  d e f i n i n g  the s o l i d  
ang le ,  t he  coord ina te s  of the c e n t r o i d  be ing  
x, Y, 

F(%yx 

Vs = Volume of cloud s tud ied  

I I T  R E S E A R C H  I N S T I T U T E  
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A ,  Averaqe I n t e r p a r t i c l e  Distance w i t h i n  a Monosized P a r t i c l e  
Cloud 
--I__ 

The s imples t  average i n t e r p a r t i c l e  d i s t a n c e  which can be 

c a l c u l a t e d  f o r  a monosized sys t em of spheres  i s  t h a t  f o r  a 

system i n  which the p a r t i c l e s  a r e  assembled i n  a symmetrical ,  

cubic  a r r a y .  Such a system is  shown i n  Figure 2 .  L e t  x = dis -  

t a n c e  between c e n t e r s .  Now it fo l lows  from t h e  symmetry of 

Figure 2 t h a t  each p a r t i c l e  occupies a volume x' of t h e  a r r a y .  

where n = number of p a r t i c l e s  i n  u n i t  volume of the system. 

Now 

where d = diameter of p a r t i c l e  3 V = 1 T d  

V = Volume of p a r t i c l e  P S  
P 

Theref o re  

where (I = volume f r a c t i o n  of p a r t i c l e s  i n  t h e  cloud. 

. .  x3 = *d3 and x = d '6 
6U ' 

L e t  y = number of p a r t i c l e  diameters  between p a r t i c l e  c e n t e r s .  

Y = x  d = 3  & 7-r = 0.806 x 3 p  ( 3 )  

From t h i s  r e l a t i o n  we see t h a t  the average i n t e r p a r t i c l e  d i s -  

t ance  i n  a symmetrical a r r a y  i s  a func t ion  of t h e  volume con- 

c e n t r a t i o n  only.  

I I T  R E S E A R C H  I N S T I T U T E  
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A graph of t h e  r e a l t i o n s h i p  (Equation 3 )  i s  shown i n  

Figure 3 .  The volume concent ra t ion  a t  which t h e  p a r t i c l e s  

touch  i s  t h a t  f o r  y = 1. For nonspher ica l  p a r t i c l e s  i n  random 

a r r a y  the va lues  r ead  from t h e  curve i n  Figure 3 w i l l  not be 

e x a c t  but  t h e  va lue  obtained w i l l  i n d i c a t e  t h e  order  of magnitude 

f o r  i n t e r s u r f a c e  s e p a r a t i o n .  

B.  --_ General Analys is  of M u l t i p l e  I n t e r a c t i o n  Phenomena 

- 1. S o l i d  Anqles EAten.Ad in Mul t ip le  P a r t i c l e  Systems 

The d i s c u s s i o n  given he re  i s  l i m i t e d  t o  s p h e r i c a l  p a r t i c l e s .  

An important f a c t o r  determining t h e  e f f e c t s  of m u l t i p l e  s c a t t e r i n g  

w i t h i n  a c loud of p a r t i c l e s  i s  t h e  d i s t a n c e  between t h e  p a r t i c l e s .  

S ince  t h e  s c a t t e r e d  l i g h t  from a p a r t i c l e  i s  non-homogeneous i n  

space t h e  i n t e r a c t i o n  with a p a r t i c l e  a t  a given d i s t a n c e  w i l l  

v a r y  wi th  i t s  o r i e n t a t i o n  i n  space wi th  r e s p e c t  t o  t h e  d i r e c t i o n  

of t h e  i n c i d e n t  beam and t h e  c e n t e r  of the p r i m e  s c a t t e r i n g  p a r t -  

i c le .  A gene ra l  r e l a t i o n s h i p  concerning t h e  p o s i t i o n  of t h e  

second p a r t i c l e  can be expressed a s  fo l lows .  

i n c i d e n t  on a s p h e r i c a l  p a r t i c l e  a s  shown i n  Figure 4 ,  t h e  

second p a r t i c l e  shown subtends a s o l i d  angle  @ def ined  by 

For a p lane  wave 

@ = P r o j e c t e d  a r e a  of p a r t i c l e  = (n/4)d2 

R2 R2 
I f  t h e  x, y ,  z ,  coord ina te s  of t h e  system shown i n  F igu re  4 a r e  

de f ined  by t h e  f a c t  t h a t  t h e  y ,  z ,  plane  i s  perpendicular  t o  

t h e  d i r e c t i o n  of t h e  inc iden t  r a d i a t i o n .  it fo l lows  t h a t  

I I T  R E S E A R C H  I N S T I T U T E  
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and t h e r e f  ore  

R 2 = x  2 + y 2 + Z  2 

@ = 7 T  - d2  
x 2 + y 2 + z  2 

L e t  t h e  genera l  func t ion  f o r  t h e  d i s t r i b u t i o n  of t h e  s c a t t e r e d  

energy from t h e  prime s c a t t e r i n g  p a r t i c l e  be 

where F(B) denotes  a genera l  func t ion  of ii3 and x ,  y ,  z j  a r e  

t h e  coord ina te s  of t h e  l i n e  j o i n i n g  t h e  c e n t e r  of t h e  p a r t i c l e  

t o  t h e  c e n t r o i d  of the a r e a  d e f i n i n g  t h e  s o l i d  angel  8 .  

t h e  s o l i d  angle  of i n f luence  of t h e  second s c a t t e r i n g  p a r t i c l e  

w i l l  be g r e a t e r  t han  i t s  nominal s o l i d  angle  s i n c e  r a d i a t i o n  

ad jacent  t o  t h e  per imeter  i s  a l s o  a f f e c t e d  by t h e  p a r t i c l e .  

L e t  (r be an ex tens ion  parameter such t h a t  @a i s  t h e  a r e a  

over which t h e  p a r t i c l e  in f luences  t h e  inc iden t  r a d i a t i o n .  A t  

t h e  present s t a g e  of development of t h e  theo ry  we  assume t h a t  

Now 

CT i s  a func t ion  of d ,<i , the r a t i o  of t h e  p a r t i c l e  diameter 

and S . the  d i r e c t i o n  and A t h e  wavelength of the r a d i a t i o n  con- 

s i d e r e d .  

A q u a n t i t y  which we  be l i eve  important i n  p r e d i c t i n g  t h e  

e f fec ts  of mul t ip l e  i n t e r a c t i o n  i s  t h e  s o l i d  angle  subtended 

by a p a r t i c l e  which i s  a s p e c i f i c  number of diameters  away 

from secondary p a r t i c l e s ,  j..e., R i s  expressed a s  a number of 

d iameters  

L e t  R = yd 

I l l  R E S E A R C H  I N S T I T U T E  
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The s o l i d  a n g l e  subtended $3 = n d  1 y2 d2  
4 

@= . r r  
Y 2 4  

Now t h e  s c a t t e r e d  energy is d i s t r i b u t e d  i n t o  47-r r a d i a n s .  The 

numerical f r a c t i o n  of s c a t t e r e d  energy i n t e r c e p t e d  by a p a r t i c l e  

y d iameters  from f i r s t  p a r t i c l e  i s  given by 

( 4 )  

A p l o t  of t h i s  r e l a t i o n s h i p  (Equation 4 )  i s  given i n  Figure 5. 

2 .  The P r o b a b i l i t y  D i s t r i b u t i o n  of I n t e r p a r t i c l e  Dis tances  
With a D i l u t e  Cloud of P a r t i c l e s  

An approximation t o  t h e  i n t e r p a r t i c l e  d i s t a n c e  w i t h i n  a 

c loud of p a r t i c l e s  i n  which t h e  p a r t i c l e s  a r e  randomly d i s -  

t r i b u t e d  can be obtained i n  t h e  fo l lowing  manner. 

Consider a s i n g l e  r e fe rence  sphere a s  shown i n  F i g u r e  6 .  

A t  t h e  c l o s e s t  approach of a second sphere t o  t h e  f i r s t  sphere 

t h e  c e n t e r  of t h e  second sphere L i e s o n a s p h e r e  of r a d i u s  2 r 

( i l l u s t r a t e d  i n  F igu re  6 ) .  L e t  u s  cons ider  a p o r t i o n  of the 

cloud def ined  by t h e  r a d i u s  S and l e t  t h i s  be termed t h e  

sphere of s tudy.  Now l e t  the  sphere of s tudy  be d iv ided  i n t o  
t h  

X s p h e r i c a l  s h e l l s  of t h i ckness  p .  The volume of t h e  m 
2 s p h e r i c a l  s h e l l  i s  47r [ 2 r t m xy] . Volume of sphere of 

s t u d y  = 4 7r [2 r t xyj2. 
I I T  R E S E A R C H  I N S T I T U T E  
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... The p r o b a b i l i t y  t h a t  the second sphere c e n t e r  l i es  w i t h i n  

the mth shell  i s  given by 

Now 

i= n 

i= o 
= Volume of she l l  which can 

c o n t a i n  the par t ic le  c e n t e r  

= 4  - 7  k3 - d q  
3 

2 

3 '  3 
S - d  

... P,= 3 c d + m p  

If we  cons ide r  a c e r t a i n  volume of t h e  c loud  then  on the average 

the number of p a r t i c l e s  i n  t h i s  p o r t i o n  of the cloud i s  given 

by the express ion  ( N )  = V n = g J  
V V 

P 

w h e r e  

v = volume of c loud s e l e c t e d  

a = s o l i d s  f r a c t i o n  of u n i t  volume 

n = number of p a r t i c l e s / u n i t  volume 

P 
V = volume of p a r t i c l e  

I f  N i s  a ve ry  l a r g e  number then t o  the f i r s t  o rder  of magnitude 

any sample of cloud of volume V i s o l a t e d  from the cloud would 

have N p a r t i c l e s .  A s  the absolu te  va lue  of N decreased the 

a c t u a l  number w i t h i n  the i s o l a t e d  p o r t i o n  would f l u c t u a t e  a t  

random. 
I I T  R E S E A R C H  I N S T I T U T E  
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I t  i s  g e n e r a l l y  recognized t h a t  i f  N i s  approximately 25 then  

random f l u c t u a t i o n s  i n  t h e  sampled volume a r e  r e l a t i v e l y  smal l .  

Assuming then  t h a t  N i s  g r e a t e r  t han  25 and making t h e  volume 

of the cloud s tud ied  t h e  same a s  t h e  s tudy  volume of t h e  

e a r l i e r  d e r i v a t i o n ,  we  have 

Since Vs/Vp = S 3 3  /d then  

N 3 3  - =  S / d  a ( 7 )  

where p is  some convienien t  number. 
Now lev= ; 
Then t h e  number of s h e l l s  of t h i c k n e s s  

i s  given by t h e  exvress ion  

i n  t h e  s tudy  volume P 

y = S-d = (S-d) d p 
Y 

S u b s t i t u t i n g  f o r  S ,  d and i n  Equation 6 we  ob ta in  t h e  equat ion  P 

I t  should be noted t h a t  by expres s ing  a l l  d i s t a n c e s  i n  

f r a c t i o n s  of a d iameter ,  an expression which i s  independent of 

t h e  p a r t i c l e  diameter h a s  been a t t a i n e d .  

v a l i d i t y  of t h e  equat ion  is provided by t h e  f a c t  t h a t  a l l  re- 

( A  check on t h e  

l a t i o n s h i p s  a r e  dimensional ly  c o r r e c t ) .  

I I T  R E S E A R C H  I N S T I T U T E  
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Another genera l  r e l a t i o n s h i p  which w i l l  be u s e f u l  i n  

d i s c u s s i n g  mul t ip l e  i n t e r a c t i o n  i s  the va lue  of P i n  t e r m s  

of P1 t h e  p r o b a b i l i t y  tha t  t h e  f i r s t  shel l  i s  occupied. 

m 

W e  no te  

= 3  
P e 

3 

W i t h  the a i d  of these genera l  equa t ions  we  can draw up a de- 

s c r i p t i v e  a r r a y  b t w o  dimensions of a three-dimensional c loud.  

I n  the fo l lowing  s e c t i o n s  s p e c i f i c  systems a r e  s t u d i e d  w i t h  

the help of these equat ions  and the impl i ca t ions  of the gen- 

e r a l  r e s u l t s  f o r  s t u d i e s  of mul t ip l e  s c a t t e r i n g .  

3. Appl ica t ion  t o  Rain Clouds 

W e  now use  t h e  genera l  equat ions  t o  d i s c u s s  the pro- 

b a b i l i t y  of m u l t i p l e  i n t e r a c t i o n  w i t h i n  any given system. L e t  

u s  f i rs t  cons ider  the case of a r a i n  cloud.  Typical concen- 

t a t i o n s  of r a i n  c louds  are 200 particles/cm of mean diameter  

10 1. Since w e  are i n t e r e s t e d  i n  o r d e r s  of magnitudes p r i m a r i l y ,  

l e t  u s  c a l c u l a t e  the volume f r a c t i o n  of a r a i n  cloud c o n t a i n i n g  

200 par t ic les  each of 101-1 diameter.  Volume concen t r a t ion  of 

3 

-4  3 water/cc = 2 l o 2  (10 x 10 ) 

= 277 x cubic c m  

= 10-7 cubic c m  

- 
6 

I I T  R E S E A R C H  I N S T I T U T E  
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i . e . ,  ct [volume f r a c t i o n  of water = 1 
From Equation 3 

y = 0.806 x 3\107 
1 0  diameters u = 0.806 x 10 

= 1 . 7 4  x l o 2  diameters 

w h e r e  y i s  the average i n t e r p a r t i c l e  d i s t a n c e  a s  def ined  i n  

s e c t i o n  11 .A. 

Therefore  we  see t h a t  t h e  average i n t e r p a r t i c l e  d i s t a n c e  

wi th in  a cloud i s  of t h e  order of 1 7 0  diameters.  

A s  a l r e a d y  s t a t e d  a sample of c loud con ta in ing  approximately 

25 drops  

random sample can be expected t o  be reasonably  small .  

t o  c a l c u l a t e  the p r o b a b i l i t i e s  of a second pa r t i c l e  being w i t h -  

i n  any given number of diameters  of a prime s c a t t e r i n g  par t ic le ,  

l e t  u s  cons ider  a s tudy  volume c o n t a i n i n g  25 cloud d r o p l e t s .  

From Equation 8 

i s  a convenient sample i n  which f l u c t u a t i o n s  due t o  

Therefore ,  

y = [(-3)1/3 -11 p 

where y = number of p r o b a b i l i t i e s  she l l s  of width p .  

L e t  US t a k e  p = 1 diameter.  

Then t h e  number of s h e l l s  s tud ied  i s  

Y =  p a 2 5  10 g14 ) - 11 

I I T  R E S E A R C H  I N S T I T U T E  
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For t h e c a s e  Where p = 1 Equation 10  becomes 

P , n =  P i  l + m  
2 

= 31 (1 + m )  
-2 

Choosing P 1 ,  the p r o b a b i l i t y  tha t ,  the  secorjd czr.ter i s  i n  s h e l l  

1 a s  2 u n i t s  

Pm = 1 + m u n i t s  

T o t a l  p r o b a b i l i t y  u n i t s  = i=  620 1 (1 + i )  

i =  0 

= 620 + 6202 
2 

= 1.928 x 10  5 

I n  t h e  next  report t h i s  iiac-: w i l l  be used t o  show t h a t  i n  

r a i n  c louds  mul t ip l e  s c a t t e r i n g  involv ing  s i g n i f i c a n t  amounts 

of energy a r e  ve ry  rare events .  Fu r the r  a p p l i c a t i o n  of t h i s  

r e l a t i o n s h i p  t o  o the r  systems w i l l  be developed. 

I l l  R E S E A R C H  I N S T I T U T E  
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